The gap between two component debris disks is often taken to be carved by intervening planets scattering away the remnant planetesimals. We employ N -body simulations to determine how the time needed to clear the gap depends on the location of the gap and the mass of the planets. We invert this relation, and provide an equation for the minimum planet mass, and another for the expected number of such planets, that must be present to produce an observed gap for a star of a given age. We show how this can be combined with upper limits on the planetary system from direct imaging non-detections (such as with GPI or SPHERE) to produce approximate knowledge of the planetary system.
INTRODUCTION
Debris disks are circumstellar dust disks, produced by the destructive collisions of planetesimals leftover from the planet formation process (Wyatt 2008) . There exist a significant number of debris disks with two temperature components (Hillenbrand et al. 2008) . Modelling suggests that in at least a significant fraction of cases, these two temperature disks harbour two concentric debris rings, with a significant gap between them (Kennedy & Wyatt 2014 ) -somewhat analogous to the asteroid and Kuiper belts of the Solar system.
Also by analogy with the Solar system, the gap is often inferred to have been opened by planets scattering away the remnant planetesimals. Faber & Quillen (2007) modelled the gap clearing as caused by multi-planet instabilities (Chambers, Wetherill & Boss 1996) producing 'Nice model' like clearing of massive planetesimal belts (Gomes et al. 2005) . However, attempts to match such instabilities to observed debris disks suggest they must be rare events overall (Booth et al. 2009 ), and thus they are unlikely to be the principle mechanism for gap clearing. This rarity should also apply to the formation of a double ring by a single, eccentric, dynamically unstable planet, as modelled by Pearce & Wyatt (2015) .
The time for a single planet to clear its chaotic zone was considered by Morrison & Malhotra (2015) and Nesvold & Kuchner (2015) . In the case of the observed gaps opened in double debris disk systems, the necessary planet mass is often too large to have escaped detection by direct imaging attempts. This led Su & Rieke (2014) to suggest that the observed gaps may be opened by several planets scattering away the remnant planetesimals. Despite some attempts (Zhou, Lin & Sun 2007; Quillen 2011; ), a general theory of the stability of many-planet systems has not yet been developed. Great success, however, has been enjoyed by N -body simulations (Chambers, Wetherill & Boss 1996; Smith & Lissauer 2009; Kratter & Shannon 2014; Pu & Wu 2015) . Thus, to consider the case where gaps in double debris disks are caused by multiple planets scattering away the planetesimals leftover from the planet formation epoch, we use N -body simulations to calculate the clearing time for a given planetary system. By inverting this relation, we recover an equation for the minimal planetary system that must be present in a gap for a system of a given age (figure 1).
SIMULATIONS
To fill a gap that extends from a1 to a2 with N planets spaced by K mutual hill radii (RH ), the planets must have mass
At the inner and outer edges of the gap, the chaotic zone will slightly widen the gap (Wisdom 1980 Table 1 . The inner and outer edges of the belts that we simulated. Each case was performed for N = 2 to N = 10 planets. Fang & Margot (2013) showed that the typical separation between planets in Kepler multi-planet systems is 21.7 ± 9.5RH . We thus adopt K = 20 for our typical separation, and space the planets evenly. Planets were given eccentricity distributed randomly and linearly from e = 0 to e = 0.02 (roughly the Kepler multi-planet value, Hadden & Lithwick 2014) , and inclinations distributed randomly and linearly from i = 0°to i = 2°(again, following Kepler multi-planet systems, Fabrycky et al. 2014) . All planets are assigned a density of ρ = 4 g cm −3 . We place 100 test particles evenly between a1 and a2, with eccentricities from e = 0 to e = 0.1 and inclinations from i = 0°to i = 10°.
We define the clearing time τ clear as the time it takes for half of the initial particles to no longer have a star-particle separation of between a1 and a2, whether they collide with a planet, the star, or are scattered or ejected from the belt. In a few cases (which all failed equation 2), we cut off simulations after 5×10 8 or more orbits at a1; those are represented as lower limits in figure 2, and not used in the fit for equation 4. As particles scattered to eccentric orbits move in and out of the a1 → a2 belt, we take the first and last time 50 particles reside in the belt as our uncertainty. Simulations were performed with MERCURY (Chambers 1999) . The values of a1 and a2 we simulated are listed in table 1.
Examining the data (figure 2), we notice that in most cases, as the number of planets increased and their mass decreased for a given belt, the clearing time lengthened. This trend held for systems as long as
but for cases with wide belts and few planets, this trend can flatten or reverse (figure 3). We exclude those cases when fitting the clearing times. Fitting the simulation results with a power law of the form
we find α = 4 ± 1 × 10 6 yrs, β = 1.6 ± 0.05 and γ = −0.94 ± 0.04 (figure 2). Simulations with K = 16 but otherwise the same parameters gave α = 2 ± 0.2 × 10 6 but otherwise the same results, therefore we infer this method is not strongly sensitive to the exact choice of K. After fitting the a2 and mp dependence, τ clear has no further dependence on a1 nor N . Equation 3 has the same scaling as, and is comparable in magnitude to, the secular interaction time for two equal-mass planets on nearby orbits 1 . Thus we posit secular resonances may be key to clearing the test particles -and correspondingly, with few planets, the resonances are too sparse to cover the gap sufficiently to clear away most particles, resulting in the breakdown for systems that fail equation 2. As such, we set the scaling with stellar mass as it is for secular interactions. We verify that this scaling corrects for stellar mass in figure 4.
This result can be applied to observed double debris disk systems to infer the minimum planetary system that should be present in the gap. For a star of age τ , the mini- Clearing time/ten planets clearing time Number of Planets (N) log(a 2 /a 1 ) = 0.3 log(a 2 /a 1 ) = 0.5 log(a 2 /a 1 ) = 1.0 log(a 2 /a 1 ) = 1.5 log(a 2 /a 1 ) = 2.0 
and assuming typical spacing, the number of planets in the gap is
Equation 5 can also be applied to the upper mass limit derived from observational non-detection to envision the maximal planetary system and thus produce a complete picture of what planetary systems could lie within the system (figure 1).
There is some scatter about the relation but the only systematic trend is the breakdown when the mass of planets is large, corresponding to number of planets being small (i.e., for systems that do not obey equation 2). This result is for equal mass planets with spacings typical of extra-solar systems; one might expect unusually compact or sparse systems to clear faster or slower. For unequal masses, the situation is likely to be more complicated, but for the application considered here, it is reasonable to assume that the clearing will proceed no faster than equation 3 for the most massive planet. For unequal spacings, Pu & Wu (2015) showed that the first instability occurred sooner than for equal spacings. However, here we consider the case of the average instability time for a very large number (10 6 ∼ 10 12 ) of planetesimals, and so expect the difference between equal and unequal spacings to be minimal.
REAL SYSTEMS

Validation
A young system: HR 8799
HR 8799 is orbited by four giant planets (Marois et al. 2008 , nestled snugly between two debris disks (Su et al. 2009 ), making it an ideal case for evaluating this model. The outer edge of the cleared zone is ∼ 145 au (Booth et al. 2016) . The most common age estimate is ∼ 30 Myrs (Doyon et al. 2010; Zuckerman et al. 2011; Baines et al. 2012) , and the stellar mass is M * ∼ 1.5 M (Gray & Kaye 1999) . From equation 4, this requires a minimum planet mass of ∼ 285 m⊕ to have cleared the gap between the two belts. With the inner belt extending to ∼ 15 au, this mass requires ∼ 2.3 planets to fill the gap (equation 5). Since we require an integer number of planets, the minimal planetary system is three 285 m⊕ planets, packed more tightly than average. This is about a factor of ∼ 10 less than the best estimates of the masses of the four planets (Currie et al. 2011 ), so our inferred lower limit is indeed compatible with the real system, whose unusual compactness is due to its special dynamic state (Fabrycky & Murray-Clay 2010; Goździewski & Migaszewski 2014).
An old system: Solar System
The Solar system has a gap between its two debris disks which extends from the asteroid belt at about 3.5 au to the Kuiper belt at around 39 au. With an age of 4.56×10 9 years, the minimum planet mass needed to clear the gap in our system is ∼ 0.2 m⊕, roughly twice the mass of Mars, about seventeen of which would fit between the two belts. The four planets observed between the asteroid and Kuiper belt are indeed more massive than this minimum. Thus, we show applying our model to both the young system HR 8799, and the old Solar system, the only two systems for which we have good data on multiple planets between two debris disks, we recover a minimum planet mass that is less than the observed planet masses.
Example Future observations
HD 38206
New planet finding instruments such as GPI (Macintosh et al. 2014 ) and SPHERE (Beuzit et al. 2008 ) are able to image planets down to a few mJ . For instance, an early paper on the 20 Myr system PZ Tel suggested a detection limit of ∼3 mJ at 0.5" (Maire et al. 2016) . We consider the double debris disk star HD 38206, a 30 Myr old A0V star with a mass of 2.3 M (Gerbaldi et al. 1999 ) at a distance of 75 parsecs. HD 38206 was identified as a two temperature debris disk likely to contain two debris belts by Kennedy & Wyatt (2014) . Assuming blackbody grains, the debris rings are located at 15 au and 180 au. We estimate the best contrast achievable by direct imaging as the 5-sigma contrast limit from unpublished SPHERE data for other systems (Matthews et al., in prep) , by measuring the standard deviation in concentric annuli of the reduced image. This contrast is scaled to the distance and host magnitude for HD38206, and the detection limit is then converted to a mass limit using the COND models (Baraffe et al. 2003) . Thus, if an observation of HD 38206 results in a non-detection of planets, the most massive planets that may be present would have mp ∼ 5 mJ , although it depends slightly on the separation from the star. Using equation 4, we calculate the minimum mass of planets needed to clear the gap in 30 Myrs to be ∼ 1.4 mJ . The mass limits correspond to three planets in the lower case, and two planets in the upper case. We plot this example in figure 5 .
Thus, by exploiting our knowledge of the debris disk, we are able to complement the upper mass limit derived from imaging with a lower mass limit derived from dynamics. For this system this leads to an approximate knowledge of the planetary system, with the masses of the unseen planets known to less than an order of magnitude, and their number to ±1.
DISCUSSION
Implicit in this approach is the assumption that planets form surrounded by a sea of planetesimals that still retain a significant fraction of their mass. There is some theoretical basis to believe planet formation may be ∼ 50% efficient (Goldreich, Lithwick & Sari 2004a,b) . There is some circumstantial observational evidence of this; the estimated mass of the Oort cloud (Francis 2005; Feng & Bailer-Jones 2015) and calculated fraction of small bodies that end up in the Oort cloud (e.g. Brasser & Morbidelli 2013; imply the mass of solids scattered by the planets was comparable to the mass of solids in the planets. Similar mass clouds may be commonly present around other stars (Veras, Shannon & Gänsicke 2014) . Modelling of debris disks also suggests their total mass is comparable to the solid mass of planetary systems (Wyatt 2008; Shannon & Wu 2011) . The observational evidence does not strongly indicate that the proto-comets were co-spatial with the planets; if future observations fail to find the minimal planetary systems envisioned here, it will be significant evidence that planets do not clear gaps, but rather that planetesimal gaps form because planet formation is ∼ 100% efficient, or that giant planets clear gas gaps that also removes solids (as in Dong & Dawson 2016) .
Very recently, Morrison & Kratter (2016) published a study on the maximal planetary system that can fit dynamically between two debris disks. This provides a stronger constraint on older systems, and thus might provide a more stringent upper limit than direct imaging for older systems.
This model necessitates a caveat: we have neglected the mass of the planetesimals in our study. If the mass of planetesimals is comparable to, or in excess of, that of the planets, they may cause migration of the planets (Fernandez & Ip 1984) . Minton & Levison (2014) published a set of criteria for when planets in a planetesimal disk may start to migrate. If the minimum planetary system predicted by this study is such that migration might occur during the clearing phase, the model presented here may be inappropriate. For the young systems most favourable to direct imaging, and most likely to host double debris disks, the minimum mass will be higher (equation 4), and migration is unlikely to be a concern. For instance, for HD 38206 we inferred at least 1500 m⊕ in planets, while a typical A star debris disk is inferred to have a mass of ∼ 10 m⊕ (Wyatt et al. 2007 ). Consequently, from Minton & Levison (2014) we expect no migration, which only occurs for mp < 3 m disk . A massive disk would also gravitationally self-excite, spreading the planetesimals (Kokubo & Ida 1996) , and viscously spreading the small bodies (Kral, Thébault & Charnoz 2013) . This could allow them to encounter secular resonances and be cleared on shorter timescales. As the spreading will depend on the mass and size distribution in the debris, there is no good way to estimate the appropriate timescale.
SUMMARY
We present a simple equation for the minimum mass of planet needed to clear the gap in double debris disk systems (equation 4), and the number of such planets that would typically be found in the gap (equation 5). At least one direct imaging survey (Meshkat et al. 2015) has begun targetting double debris disks to search for planets. Currently, if no planets are detected, we can only infer that planets with masses less than the detection limit may lie within the gap. By imposing constraints on both the minimum and maximum planetary systems that could be present, the observational non-detection of planet(s) can be recast as more positive knowledge about the planetary system harboured by the star in question. The use of the clearing time provides the strongest constraints on young systems, as does direct imaging (Baraffe et al. 2003) , providing a natural synergy.
